Ground-state properties of fermionic mixtures confined in a one-dimensional optical lattice are studied numerically within the spinless Falicov-Kimball model with a harmonic trap. A number of remarkable results are found. (i) At low particle filling the system exhibits the phase separation with heavy atoms in the center of the trap and light atoms in the surrounding regions.
Introduction
The ability to confine ultracold Bose and Fermi gases inside artificial crystals generated by standing-wave laser light fields, i.e., optical lattices, offers the possibility to create ideally clean and highly tunable strongly interacting quantum many-body systems [1] . The low-energy properties of these systems can be described using models borrowed from condensed matter systems [2] whose parameters and dimensionality can be controlled with high precision. This fact opens new routes for understanding the physics of long-standing problems of strongly correlated systems, like the phase separation, metal-insulator transitions, superconductivity, etc. On the other hand, the quadratic confining potential, present in addition to the regular "lattice" potential leads to a number of fundamentally new phenomena. For example, it was shown [3, 4] that in the presence of a confining potential the Mott-insulating phase is restricted to the domain that coexists with a metallic phase, in contrast to the global character typical of solid-state systems. Moreover, mixtures of two-component atoms with different masses (e.g., 6 Li and 87 Rb) introduce an additional parameter, namely, the difference between the hopping amplitudes associated with each species of atoms in the optical lattice. This may affect the stability of the possible quantum phases or even induce new ones [5, 6, 7] . For these reasons the mixtures of ultracold atoms in optical lattices belong to the most intensively studied subjects of contemporary experimental and theoretical physics.
In this paper we investigate the ground-state properties of mixtures of two species of fermionic atoms with strongly different masses in a harmonic potential. Since the tunneling rate decreases exponentially with the square root of mass of the atom, and particles of different species on the optical lattice interact only through the onsite interaction, this leads naturally to the Falicov-Kimball Hamiltonian [8] with a confining potential [3] 
where f
are the creation (annihilation) operators of heavy (f ) and light (d) particles at lattice site i. The number of lattice sites is L and is selected so that all the fermions are confined in the trap. We denote the total number of fermions in the trap as N and consider equal number of heavy (
The first term of Eq. 1 is the kinetic energy corresponding to quantum-mechanical hopping of the light d atoms between the nearest-neighbor sites i and j. These intersite hopping transitions are described by the matrix elements t ij , which are −t d if i and j are the nearest neighbors and zero otherwise (in the following all parameters are measured in units of t d ). The second term represents the on-site Coulomb interaction (U > 0) between the light and heavy atoms. The last term is the energy of light and heavy atoms in the harmonic trapping potential. In accordance with similar studies for the asymmetric Hubbard model [9] , we consider here the same trapping potential for both species of atoms.
Since in this spinless version of the Falicov-Kimball model with a confining potential the f -heavy atom occupation number f + i f i of each site i commutes with the Hamiltonian (1), the f -heavy atom occupation number is a good quantum number, taking only two values: w i = 1 or 0, according to whether or not the site i is occupied by the heavy atom. Therefore, the Hamiltonian (1) can be written as
where
Thus for a given configuration of heavy atoms w = {w 1 , w 2 . . . w L } defined on the one-dimensional lattice, the Hamiltonian (2) is the second-quantized version of the single-particle Hamiltonian h(w), so the investigation of the model (2) is reduced to the investigation of the spectrum of h for different configurations of heavy atoms.
It is well known that in the absence of harmonic confinement (V = 0) the one-dimensional Falicov-Kimball model exhibits a rich spectrum of solutions including phase separated (U small) as well as most homogeneous distributions of heavy atoms [10] . However, due to the confining potential the lattice sites become, inequivalent, and thus, it is of fundamental importance to analyse the interplay between the on-site Coulomb interaction and the confining potential.
To describe the system at nonzero V we have calculated various local quantities, like the local density of heavy atoms (n
) and the local double occupation
, as functions of total number of the confined atoms, the Coulomb interaction U and the confining potential V . The ground states are calculated by a well-controlled numerical method that we have elaborated [11] for a description of the conventional Falicov-Kimall model (V = 0). Later, the method was successfully used for various generalizations of the Falicov-Kimball model and different physical problems [12] . Its generalization on systems with a harmonic potential is straightforward too.
Results and discussion
In Fig. 1 we present results of our numerical calculations for n f i , n d i , n i , D i and ∆ i obtained on the one-dimensional cluster of L = 120 sites at U = 4, V = 4 and different fillings. We have added also the profiles of the local compresibility that has been proposed by Rigol et al. [3] as a local order parameter to characterize the Mott-insulator regions. This quantity is defined as [3] 
is the density-density correlation function and l (U) ∼ bξ(U), with ξ(U) the correlation length of χ i,j in the unconfined system at half-filling for a given U. The factor b is chosen within a range where κ l becomes qualitatively insensitive to its precise value [4] . The insulating regions are then characterized by κ is always metallic at low particle fillings, while the metallic regions coexist with the insulating region in the ground state of the Falicov-Kimball model. Moreover, the local density profiles exhibit obvious oscillations for the Falicov-Kimball model, while no sign of such oscillations has been observed for the repulsive Hubbard model (with the exception of Hartree-Fock [4] and variational studies [13] , that were not confirmed by a projector Monte Carlo simulations, however [4] ).
To exclude the possibility that oscillations are a consequence of a finite size of clusters used in our numerical calculations, we have performed an exhaustive finitesize scaling analysis on finite clusters up to L = 480 sites for all particle fillings from Fig. 1 . This analysis showed that the ground states found for L = 120 hold also on clusters of L = 240 and L = 480 sites and thus they can be satisfactorily extrapolated on much larger clusters. In Fig. 3 we present numerical results for extrapolated ground states obtained for a cluster of L = 6000 sites and the same values of n f = N f /L, V and U as used in Fig. 1 . These results clearly demonstrate that increasing L suppresses the atomic-density oscillations in the metallic phase, but stabilizes the atomic-density waves in the insulating phase.
Since in the real experiments with ultracold atoms the hopping matrix elements (of heavy atoms) between the nearest-neighbor sites (t f ) are not strictly equal to zero, it is necessary to examine the stability of our solutions obtained for t f = 0 against the finite values of t f . For this reason we have performed exhaustive exact-diagonalization studies of the asymmetric Hubbard model [14] Finally, we have also calculated the variance of the local density as a function of the local density n i . It is known from the study of the one-dimensional Hubbard model in a harmonic potential [3] that this quantity shows universality with respect to the confining potential for n i → 1. It should be noted that the universal behavior was observed only for strong Coulomb interactions U, where systems have a Mottinsulating phase at n = 1. In Fig. 5 we present numerical results for the variance of the local density obtained within the Falicov-Kimball model with a harmonic potential as a function of the local density calculated for various particle fillings and various values of U and V . One can see that all numerical data for the variance of the local density collapse on the same curve (given by ∆ = −n(n − 1) for n ≤ 1 and ∆ = −(n − 1)(n − 2) for n > 1). Thus in contrast to the similar studies on the Hubbard model [3] we have found that the variance of the local density of systems described by Falicov-Kimball model with a harmonic potential exhibits universality not only with respect to the confining potential but also with respect to the Coulomb interaction U. In addition, we have found that the universality hold not only for n i → 1, but for all values of n i . A similar universal behaviour has been observed also for other local quantities. For example, the local double occupation D i = 0 for n i ≤ 1 and D i = n i − 1 for n i > 1, independent of values of U, V, N f and L. Also the universal behavior is found for the local compresibility κ l when n i → 1. However, the value of the critical exponent for the Falicov-Kimball model is equal to 1, unlike the nontrivial value 0.68-0.78 found for the Hubbard model [3] .
In summary, we have studied the ground-state properties of fermionic mixtures with mass imbalance in a one-dimensional optical lattice within the spinless FalicovKimball model with a harmonic potential. We have found that the system exhibits the phase separation at low particle fillings. In this case the heavy atoms occupy the center of the trap while the light atoms are localized in the surrounding (metallic)
regions. At higher fillings we have observed a formation of Mott-insulating domains with atomic-density waves. In all cases Mott-insulating phases coexist with metallic phases. One of the most interesting results is, however, the observation of the universal behavior of the variance of the local density (independent of the particle filling, the Coulomb interaction and the strength of the confining potential) over the whole region of the local density values. 
